
This matrix is transformed in two stages. During the first 
stage, we open columns (3 ,  7 )  and rows {l, 2} for pivot 
selection and perform two eliminations. During the second 
stage, we open all remaining columns and rows. This al- 
lows G1, Gz, HI, and H2 to be selected as pivots; rank 
deficiency prevents selection of G4. The current estimate 
for G4 may be used as a base value, but should not be 
selected as a parameter in a regression analysis. 

With these modifications, the standard-state thermo- 
dynamic values at T B  become 

G1 = 10 (par) 

Gz = 20 (par) 

H1 = - 600 (par) 

H 2  = - 500 (par) 

G3 = 30 

G4 = 35 H4 0 

H3 = - 300 

giving four parameters and four fixed values; the original 
values 

G, = 40  AH^ = 400 

are omitted. 

AGb* 
AGC 
AGd” 
ilGe 

EXAMPLE 2 

This example demonstrates how assumptions of irre- 
versibility may give rise to illegal reaction loops. Consider 
the following reaction scheme with four species and five 
irreversible reactions: 

r: 1 ; _i _j I -1 1 
-1 -1 

-1  

To examine this scheme, we set up Equation (17)  as 
usual. The free-energy equations contain only the follow- 
ing non-zero coefficients: 

G1 G2 G3 G4 la II? Ic Id I e  

AGa 
AGI? 
AGc 
hGd 
AGe 

-1 1 1 I 1 -1 1 

No rows are opcned for pivot selection during the first 
threc transformation stages. During the fourth, we open 
columns (1, 2, 3, 4 )  and all rows kor pivot selection. This 
allows three transformations, giving 

G1” G2’ G3” G4 Ia I &  Zc Id l e  

1 1  

Since we cannot find a column without positive elements, 
the reaction scheme must contain an illegal string of ir- 
reversible reactions. For instance, an illegal loop { c ,  d, e }  
can be obtained by addition of the two strings found 
above. The rest of the array in Equation (17) transforms 
in the usual way, but has been omitted here for brevity. 

This example corresponds to an isomerization system. 
It was chosen for ease of visualization, and is, in fact, 
solvable by inspection of its planar graph. More com- 
plicated reaction networks are difficult to study graphic- 
ally, but are readily tested by the method given here. 
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Part II .  Formulation of Mass  Balances and Thermodynamic Constraints 
Simulation of chemical reactors requires the formulation of mass bal- 

ances, often coupled with thermodynamic constraints such as ionization and 
chemisorption equilibria. We provide a systematic procedure for selecting 
the smallest sufficient set of dependent variables and a corresponding set of 
mass balances. The procedure depends on the type of reactor, and is devel- 
oped for two common reactor types. The procedure is implemented on a 
computer and illustrated by examples from catalysis and electrochemistry. 

SCOPE 
Several steps are recpired preparatory to simulating a 

chemical reactor. In Part I, we considered the analysis of 
the proposed kinetic and thermodynamic values for the 
reaction scheme. Here we formulate a set of transport 
equations (mass and energy balances) and a corresponding 
set of dependent variables (concentrations, temperature, 0001-1541-80-3086-0104-$00.95. 0 The American Institute of Chem- 

ical Engineers, 1980. 
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and electrical potential for ionic systems). I t  is the pur- 
pose of this article to provide a systematic procedure for 
carrying out this formulation. 

The procedure includes two types of species (mobile 
and immobile) and two types of reactions (non-equilibrium 
and equilibrium). The procedure is developed here for two 
reactor types. Type I includes the steady one-dimensional 
plug-flow reactor, the steady well-mixed flow reactor, and 
the transient well-mixed batch reactor (Guertin et al. 1977, 
Stewart and Sjdrensen 1976). Type I1 includes various 

steady digusion-reaction systems, such as porous catalytic 
particles and reactive liquid films, which we will treat 
further in forthcoming papers. 

The present analysis is not concerned with the solution 
of the reactor equations; only with their consistent formu- 
lation. The formulation of appropriate mass balances for 
reactors may in many cases be fairly simple. But when 
equilibrium reactions are included, determinate formula- 
tions are harder to achieve, and the need for a general pro- 
cedure becomes apparent. 

CONCLUSIONS AND SIGNIFICANCE 

Presented here is a systematic method for constructing 
multicomponent mass ,balance equations and thermody- 
namic constraints for chemical reactor simulations. The 
procedure is based on the specified reaction stoichiometry, 

and on simple classifications of the species and reactions. 
No specification of elemental compositions of the species 
is used; isomers and labelled species do not require any 
special treatment. 

Several investigators have analyzed the stoichiometry of 
chemical reactions in order to simplify chemical reactor 
simulations (Aris and Mah 1963, Aris 1969, Beek 1962, 
Prater et al. 1967, Schneider and Reklaitis 1975, Schiibert 
and Hofmann 1976, Schultz et al. 1974). Some of these 
analyses are based on the elemental compositions of the 
chemical species and do not invoke a reaction scheme; 
isomers then give rise to particular difficulties (Whitwell 
and Dartt 1973). Further difficulties arise in the presence 
of equilibrium reactions, which yield constraints rather 
than explicit rate expressions. 

PROBLEM STATEMENT 

We consider two types of species: mobile and im- 
mobile, For steady-state reactors, a species is called “mo- 
bile” ii its mass balance for a stationary volume element 
must include outflow (by convection, diffusion, or both). 
Correspondingly, a species is called “immobiie” if its net 
out30w from a stationary volume element (by convection 
and diffusion) either vanishes identically or may be ne- 
glected. For example, the surface species in a fixed-bed 
reactor will be treated as immobile, in the sense of being 
fixed in space. Free-radical intermediate species in a flow- 
ing fluid are sometimes treated as immobile, in that their 
net outflow from a volume element is negligible com- 
pared with their rates of formation and consumption; 
this is the well-known “pseudo-steady-state approxima- 
tion” of chemical kinetics. 

For transient reactors, the mobile species are corre- 
spondingly defined as those whose mass balances must 
include an accumulation, convection or diffusion term. 
The rest of the species are called immobile. Here, as in 
steady flow reactors, immobility may be invoked by use 
of the pseudo-steady-state approximation for free-radical 
intermediate species. Surface concentrations, on the other 
hand, will now be time-dependent; hence these species 
should be considered mobile unless one invokes the 
pseudo-steady-state approximation for them. In view of 
this, the conventional analogy between. the steady plug- 
flow reactor and the transient well-stirred batch reactor 
requires either 1) the absence of surface species, or 2)  
pseudo-steady-state assumptions for the surface species 
in the transient case. A phase is called mobile if any of 
its species are; otherwise, it is called immobile. 

Reactions are classified as non-equilibrium or equi- 
librium steps. To describe the non-equilibrium reactions, 
we need kinetic information (forward rate constants and 
activation energies) as well as thermodynamic information 
(equilibrium constants and reaction enthalpies) , To de- 
scribe the equilibrium reactions we will only require ther- 
modynamic information, and regard the forward rate 
constants as infinite, Each reaction may include both 
mobile and immobile species. 

For the Type I reactor, it is possible to select a basic 
subset of species, whose concentrations just suffice to 
determine the concentrations of all species at the corre- 
sponding point in the system. The linear relationships 
needed for this calculation are obtained from the stoichi- 
ometric matrix. 

For the Type I1 reactor, on the other hand, we must 
include all mobile species in the basis, though a basic 
subset will still suffice for the immobile species. If ionic 
mobile species are present, we can omit one of those 
from the basis, and obtain that concentration from the 
electro-neutrality condition. 

In this article, we will first consider the selection of a 
basic set of species (or smallest sufficient set of depen- 
dent variables), and then the construction of a correspond- 
ing set of mass balance equations and thermodynamic 
constraints. Since we have two kinds of species and two 
kinds of reactions, we select four types of basic concen- 
trations as the dependent variables for the interior part 
of a mobile phase: 

A: 

B: 
C: 

D: 

mobile species selected from non-equilibrium reac- 
tions 
mobile species selected from equilibrium reactions 
immobile species selected from non-equilibrium re- 
actions 
immobile species selected from equilibrium reactions 

The remaining species are denoted as non-basic species. 
The terms “basic” and “non-basic” as used here refer to 
the status of variables in the Gauss-Jordan elimination. 

SELECTION OF BASIC SPECIES FOR TYPE I REACTORS 

The selection of a basis (smallest sufficient set) of de- 
pendent variables is performed through row operations on 
the stoichiometric matrix Y. This matrix is defined by 
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or 

* A  

8 B  

WC 

SPD 

*RR 

,*RN , 

Here Q is the column vector of reaction rates, and R is 
the column vector of production rates of all chemical 
species. To demonstrate the operations symbolically we 
write Equation (25b) in the following transposed and 

’ 911 v12 v13 v14 v15 916 

9 2 1  922 v23 v24 v25 VZg 

v31 932 v33 v34 935 v36 

v41 v42 v43 v44 945 v46 

v51 952 v53 v54 v55 v56 

%I v62 963 VSP v65 v66 

4; t,r 

a ;  

92; 

SO;R 

“’d 

91, . a 

T 

’I 0 0 0 vy5 0 * R A  ’’ 
o I o o v ; 5  0 RB 

0 0 0 I v;5 VZ6 R D  
(28) 

0 Q I 0 v;5 v;6 RC 

0 0 0 0 0  0 R R M  

- - 

0 0 0 0 0  0 RRI 
J J 

These equations will be solved to express the full vector 
R in terms of a basic set of production rates (RA, RB, Rc, 
RD} and a transiormed stoichiometric matrix. 

The vectors RA and RB represent the production rates 
of the basic “mobile” species that will be selected from 
the non-equilibrium and equilibrium reactions, respec- 
tively. Rc and HD represent the same for the basic “im- 
mobile” species. RRM and R R I  represent the production 
rates of the remaining mobile and immobile species. At 
this initial stage, it is impossible to distinguish between 
the elements in the mobile set {RA, R B ,  RRM} or between 
those in the immobile set {Rc, RD,  RRI}; those distinctions 
will be made through the choice of pivots in the subse- 
quent Gauss- Jordan elimination. 

The first and third rows in Equation (26), associated 
with %A and Set, represent the non-equilibrium reactions 
that will be selected in the solution and from which the 
basic “A” and “C” species will be chosen. The second 
and fourth rows, associated with QB and %D, represent 
the equilibrium reactions that will be selected in the so- 
lution and from which basic “B” and “D” species will be 
chosen. The last two rows represent any reactions which 
become stoichiometrically redundant in the transformation. 

At this stage it is also impossible to distinguish between 
the reaction-rate elements in the set {%A, Qc, SORR, W R N } ,  
or between the elements in {%, 8 ~ ,  9,~). The two sets 
may overlap, since the vector sPRR may include both non- 
equilibrium and equilibrium reactions. The classification 
shown in Equation (26) will develop as the solution pro- 
ceeds; hence the reordering of the equations is not possi- 
ble at this stage. 

The solution is obtained by the Gauss-Jordan method 
(Hildebrand 1952, Isaacson and Keller 1966). The matrix 
Y is transformed by linear combination of its rows until 
no additional pivots can be found. The overall transforma- 
tion is equivalent to pre-multiplication of v by a non- 
singular matrix B, and corresponding replacement of WT 
by a new set of reaction rates WT B-l. The solution is 
done in four stages, as described below. Priority is given 
to equilibrium reactions and immobile species in the elim- 
ination, to ensure that a full set of constraints (local equa- 
tions) will be obtained directly. 

During the first stage, all columns corresponding to im- 
mobile species (Rc, RD, RRI) , and all rows corresponding 
to equilibrium reactions (*B, QD, part of SORR) are opened 
for pivot selection; all rows are included in the elimina- 
tion. The reaction scheme may contain several independent 
kinds of active surface sites; this does not pose any prob- 
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lem, and all immobile species are allowed as candidates. 
The species selected here are denoted as basic “D” spe- 
cies. When no more pivots can be found, then the remain- 
ing equilibrium equations are free of immobile species 
[i-e., ~ ’ 2 3 ,  9’26, ~ ’ 5 3 ,  and ~ ’ 5 ~  have vanished in Equation 

The second stage is then initiated by also opening the 
columns corresponding to mobile species for pivot selec- 
tion, The species selected here are denoted as basic “B” 
species. On completion of the second stage, the remaining 
equilibrium equations are free of all species, and the 
matrix equation takes the form 

( 2 7 ~ .  

v’ll 0 v’l3 0 v’15 v’16 

V’Zl I 0 0 -425 0 

In the latter equation, we have also applied the steady- 
state (or the pseudo-steady-state) condition Ri = 0 to 
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each immobile species. For the transient well-mixed batch 
reactor, Equation (30) leads to pseudmteady-state ki- 
netics; the complete solution may be obtained only by 
including all species in the mobile set. 

Equation (29) may be integrated in time from the 
original surface state to give the vector of concentration 
changes (extents) for the immobile species referred to 
their original states: 

g;I = g; V i 6  + g; VZ8 (31) 

Correspondingly, Equation (30) may be integrated along 
the reactor coordinate (position or time) to give the 
vector of extents for the mobile species referred to their 
starting concentrations: 

(32) - T vrr + g~ vrr 
15 B 25 

Equations (31) and (32) are the desired linear expres- 
sions for the extents of non-basic species in terms of basic 
species, Ionic species do not require any special treatment. 

This completes the selection of basic species for Type I 
reactors, The construction of the local and spatial reactor 
equations corresponding to this set of variables will be 
presented later on. 

SELECTION OF BASIC SPECIES FOR TYPE II REACTORS 

In the presence of diffusion, the relations among the 
fluid concentrations are affected by the mass exchange be- 
tween different fluid elements. Hence, the stoichiometric 
reduction of the concentration variables for the mobile 
species can no longer be performed, even though the 
production rates can be expressed compactly, as before. 
We can still perform the selection of the basic “B,” “C,” 
and “D” species as described above for the Type I re- 
actor, but must include all remaining mobile species as 
basic “A” species. Since all mobile species are included in 
the basis, there is no need for Equations (30) and (32), 
and the transformation could be terminated once the 
“€3,” “C,” and “ D  species have been selected. However, 
in the simulation of diffusion reactors, it is convenient to 
know the number of independent fluxes. For this reason, 
all possible transformations are performed and counted. 
The inclusion of all mobile species in the basis means 
that we have no elements in aRN nor in RRM. When 
ionic mobile species are present, we omit one of them 
from the set of “A” species, since its concentration can 
be found from the electro-neutrality condition. No con- 
straint is assumed for the total pressure or concentration. 
Hence, no mobile species can be eliminated here by using 
this type of condition. 

Whenever a diffusion reactor contains more than one 
mobile phase, the selection process just described must 
be done independently for each such phase. Thus, for 
mobile phases 1 and 2, one obtains the set {A1, B’, C’, D’} 
from the stoichiometric matrix v l  and {A2, B2, C2, D2}  
from the matrix v2. In addition a special set of basic 
species must be selected for each interface where mass 
transfer or reaction occurs between two mobile phases. 
Thus, for the interface between phases 1 and 2, one ob- 
tains the set (A12, BIZ, C12, 0 1 2 ,  U12, W12) from the inter- 
facial stoichiometric matrix v12. The sets U12 and Wt2 
form a basis of the strictly interfacial species, all of which 
are considered immobile in this treatment. The members 
of Wt2 and U12 are selected from equilibrium and non- 
equilibrium reactions, respectively. The extraction of a 
metal from an aqueous phase by an organic phase is an 
example of this type of diffusional process (Hales 1977). 

The matrix 9’2 should include not only the interfacial 
reactions, but also the equilibrium reactions of each ad- 

jacent phase. However, the non-equilibrium reactions in 
the adjacent phases should not be included in the inter- 
facial mass balance, since this balance is for a surface 
region with no associated fluid volume. In this regard, 
note that homogeneous reaction rates are defined per unit 
volume, whereas interfacial reaction rates are defined per 
unit area of interface. 

The basic species for the interiors of the mobile phases 
are selected as described above. At the interface, on the 
other hand, we have six types of species, which must be 
selected by six transformations of the interfacial stoichi- 
ometric matrix $2. During the first three solution stages, 
all equilibrium reactions will be opened for pivot selec- 
tion, and during the last three stages, all non-equilibrium 
reactions will be opened. The species (columns) must 
enter the basis in the following order: immobile interfacial 
species ( W12), immobile species (P) ,  mobile species 
( P ) ,  immobile interfacial species ( U12), immobile spe- 
cies (C12), and mobile species (At2) .  The last set (A12) 
must contain all remaining mobile species in the two phases 
(save one ionic mobile species from each phase that has 
one); hence the sixth stage can be done without matrix 
transformations. 

FORMULATION OF LOCAL MASS BALANCES AND 
THERMODYNAMIC CONSTRAINTS 

In this section, we formulate a set of mass balances 
appropriate to the selected basic “B,” “C,” and “D” spe- 
cies, ‘lhese equations are called local, since all the un- 
knowns in the equations have to be evaluated at  the same 
point in space and time. Once the mobile and immobile 
species are designated, the local equations are formulated 
by the same procedure for all reactor types. 

First we consider the reaction rates in the interior of a 
mobile phase which may contain one or more immobile 
species. Let the individual reaction rates per unit volume 
be 

i = 1, .  . . N ,  (33) 
in which the cji are the reaction orders for the forward 
rates, the vji are the elements of the stoichiometric matrix, 
and ci is the concentration or partial pressure of species 6. 
Equations (33) require that the vji be normalized to a 
single occurrence of the jth rate-controlling event, except 
for reactions designated as irreversible (1/& = 0) or as 
equilibria ( l / k i  = 0). The production rates per unit vol- 
ume for the individual species are then given formalIy 
by Equations (23) and (33 ) .  For equilibrium reactions, 
however, Equation (33) is not directly solvable for Rj; 
rather, i t  provides algebraic constraints on the concentra- 
tions. 

For each basic “B” or “D” species we have a local equi- 
librium of the form 

in which i corresponds to the pivotal row (in 91B or9I.D) for 
the given species in Equation (27). With this substitution, 
Equation (33) yields the corresponding constraints on 
the concentrations. 

For each basic “C” species, the net production rate is 
zero at steady state: 

Rj/kj = O (34) 

N, 

Ri = 2 ~ j i R j  = 0 (35) 
j=1 

However, when equilibrium reactions are present, this 
form may be indeterminate. For this reason, we analyze 

January, 1980 Page 107 AlChE Journal (Vol. 26, No. 1) 



the stoichiometric matrix once more, in transposed form, 
to remove the influence of the 3, and W D  values. After re- 
moval of the redundant fifth row (thus setting 9 R R  = 0) , 
we may write Equation (26) in the transposed form 

’ B A  

3 B  

9 C  

Q D  

. W R N  

T T T T T  
911 9 2 1  v31 941  9 6 1  I 

T T T T T  
v12 v22 v32  v42  v62  

T T T T T  
v 1 3  923 v33  v43 v 6 3  

T T T T T  
914 v24 934  944  %4 

T T T T T  
915 v25 v35 v45 v65 

T T T T T  
916 v25 v36 946 v66  

For Type I1 reactors all mobile species are included in the 
basis; hence, we combine & R x  with *A, and R R M  with RA 
for these reactors. 

The production rates, Rc and RD,  of the immobile spe- 
cies are zero and can be added to the production rate of 
any other species without affecting the net result. Hence, 
we can solve Equation (36) for the reaction rates Se., and 
WD, without altering any of the right-hand elements. The 
solution for 9, and S l D  is surely obtainable, since the pre- 
vious selection of “C” and “D” species from Equation 
(26) guarantees that the square matrices ~3~ and have 
full rank. After this transformation the matrix equation 
will have the form 

v; v; 0 0 v;fl 
v;; v$ 0 0 v; 

v;; 0 I 0 v z  

v z  v; 0 I v z  

v;; vg 0 0 v; 
0 0 0 0 0  . 

The coefficients in vli  have also vanished. This happens 
because the “D” species were originally selected prior to 
the “B” species, Hence, the production rates of the “C” 
species take the form 

Rc = V ~ W A  +3, + v ~ ’ S ( L R N  63 (38) 

independent of the indeterminate quantities 9, and W D .  

Thus, instead of using Equation (35) to express the im- 
mobility constraints, we use Equation (38) with & = 0. 
The coefficient matrix in Equation (37)  is called the re- 
duced stoichiometric matrix. 

For adiabatic reactors of Type I with given initial con- 
ditions, we may also calculate the temperature as a func- 
tion of the local extents, from an energy balance and a 
thermal equation of state. 

Equations (33) - (38)  will also hold at an interface be- 
tween two mobile phases in a diffusion reactor, if the 
sets of “C” and “D” species are extended to include all 
basic “U” and “W” species, respectively. 

This completes the local equations necessary for the 
determination of the temperature and the concentrations 
of the “B,” “C,” and “D” species, in terms of the local 
concentrations of the basic “A” species. Note that the basic 
“B” species, although designated as mobile, give rise only 

to local equations of thermodynamic equilibrium (see 
Equation (34) ) . 

FORMULATION OF SPATIAL MASS BALANCES FOR 
TYPE I REACTORS 

In this section we formulate a set of combined mass 
balances for the basic “A” and “B” species. These equa- 
tions are called spatial since the variables in the equa- 
tions arc cvaluated at morc than one point in space or 
time. Thc total number of spatial mass balances must be 
cqual to the number of basic “ A  species, but we have 
to construct a set of combined mass balances to remove 
indcterminacy whenever any “B” species are present, A 
plug flow reactor at steady state is considered for illustra- 
tion. 

For the basic mobile species, we may formally write the 
following mass-balance equations, obtained from Equa- 
tion (37) with Rc and RD set equal to zero: 

(39) 
lIcrc V is the reactor volunic, F the feed rate, and ‘4 the 
set of extents of production. Even though R A  is based on 
thc stoichiomctry of Equation (37) rather than (36),  it 
may still includc indeterminate rate expressions (9,) if 
vT’ is non-zero. 

Equations (39) are now combined to obtain a subset 
of new equations in which the influence of 9 B  does not 
appear. The second part of Equation (39) is first re- 
written as 

21 

(40) 
Elimination of QB from the upper row by Gauss-Jordan 
row operations then gives 

(41) 
The selection of the “B” species prior to the “A” species 
in the solution of Equation (26) guarantees that v;; has 
full rank. Equation (41) demonstrates that the vector 
RA + PA RB can be calculated directly from non-equi- 
librium reaction rates %A and W R N .  Hence, the following 
combined mass balances on the “A’ and “B” species 

give the correct number of independent spatial mass 
balances. Here R must be calculated from the reduced 
stoichiometric matrix obtained in Equation (37) .  Note 
that the combinations in Equation (42) are developed 
independently of the elemental compositions of the species. 
In actual calculations, the transformation of v z ,  v T ~ ,  v:;, 
and v:; is not needed to obtain P A ;  we need only trans- 
form v:’ and 92. 

Page 108 Jaunary, 1980 AlChE Journal (Vol. 26, No. 1) 



For Type I reactors that are neither isothermal nor adi- 
abatic we must also add a spatial energy balance and a 
thermal equation of state to obtain the temperature profile. 

This completes the formulatiort for Type I reactors, 
except that the initial conditions must, of course, be 
stated. 

1D 
2 
3 
4 

FORMULATION OF SPATIAL MASS BALANCES FOR 
TYPE I I  REACTORS 

The steady-state equations for the interior part of a 
non-flow diffusion reactor are similar to those for the 
plug-flow reactor, except that the forced convection term 
( F N )  V g  is replaced by a diffusion term V ( D  VC);  
the total diffusivity matrix D may be a function of all con- 
centrations. Whenever ionii: mobile species are preseilt, we 
must also include a spatial mass balance equation for the 
one ionic mobile species excluded from the list of basic 
species, and include the clectrical potential as a dependent 
variable. 

A major difference between Type I and Typc I1 reac- 
tors appears at the interfaces between the mobile phases. 
For the mobile species, we may formally write the follow- 
ing boundary conditions (interfacial mass balance equa- 
tions) 

1 -1 1 -1 
1 -2 

-1 -1 1 
--1 1 1 -1 1 

(43) 

Here N is the vector of interfacial molar fluxes of all 
basic mobile species, measured into the relevant phase 
for each. R and 9 are the corresponding vectors of inter- 
facial production and reaction rates, related as shown by 
an interfacial stoichiometric matrix, As mentioned before, 
no distinction is now made between 9, and a,, in Equa- 
tion (36); here we include all those reactions in 9 ~ .  
These boundary conditions are spatial equations, since 
the flux expressions involve the concentration gradients in 
the adjoining phases. 

These equations are transformed to give a subset of 
bvundary conditions in which the indeterminate quantities 
9 B 1 2  do not appear. The transformation is similar to that 
for Equations (40) and (41); the result may be written 

1D 
2B 
3 
4 

(44) 

The number of equations here is equal to the total 
number of species in the set A”. The interfacial reaction 
equilibria and kinetic expressions automatically provide 
the appropriate boundary conditions on the concentrations. 

For a non-isothermal diffusion reactor, an interfacial 
energy balance must also be formulated, as a boundary 
condition on the energy flux, The temperature may be 
treated as continuous across the interface. 

When ionic mobile species are present, boundary con- 
ditions for the electrical potential become necessary. At 
the first boundary, we may specify a fixed potential; no 
dependent variable and no spatial equation arise from this 
kind of condition. If another boundary is present, we must 
specify 1) the potential, 2 )  the current, or 3)  a relation 
involving the two at the second boundary. In the cases 
2 and 3, we must add one more spatial equation (a re- 
lation between the mass fluxes and the total current) and 
one more dependent variable (the boundary potential) to 
the set of spatial equations. 

1 1 -1 
1 -2 

-1 -1 1 
-1 1 -1 1 

EXAMPLE 3 

This example demolistrates the selection of basic “A,” 
“U,” “C,” and “D” species, and the construction of cor- 
responding niass balances ant1 thermodynamic constraints 
for a Type I reactor. 

Consider a reaction network with six species and four 
rcversible reactions. Let species {3, 4, 5) belong to an 
immobilc catalytic phase, and let the first two reactions 
be at equilibrium: 

PI + s3 = 54 + P 2  

P2 + s3 = s4 
r, + s4 s sj  

s5 e s3 + P g  

Hcre thc Pi may be gas-phasc species, and the Si may be 
active catalytic surface species. 

We wish to formulate a set of equations for a steady- 
statc simu!ation of this reaction network in an isothermal 
plug-flow rc,uctor. Thc stoichionietric matrix Y for the sys- 
tem is 

PI P2 s:, s4 sj P6 

3 
4 -1 1 

1D 
2B 
3C 
4 

To obtain the h i c  species, we transform this matrix. 
1)uring the first stage 1vc open columns {3 ,  4, 5) and rows 
(1, 2)  for pivot selection. This allows one transformation, 
giying 

1 2 , 3 0 4 5 6  

2 1  -1 

1 1 -1 
1 -2  

-2 1 

in which species 3 beconies a “D” species. During the 
second stage wc also open columns {l, 2, 6}. This allows 
one niorc transformation, giving 

1B 2 3 0  4 5 6 

in which species 1 becomes a “B” species. During the 
third stage we open columns (4, 5 }  and rows (3, 4) for 
pivot selection. This allows one transformation, giving 

1B 2 3 0  4C 5 6 

in which species 4 becomes a “C” species. During the 
fourth stage we open also columns (2, 6} and perform 
one final transformation, giving 
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1B 2A 30 4C 5 8 

1 
2 
3 0  
4c 
5 
6 

E l l  -Y 1 
3c -1 0.5 
4A -0.5 

which completes the stoichiometric basis, with species 2 
as an “A” species. This array gives the following relations 
for the non-basic species when inserted into Equations 
(31) and ( 3 2 ) :  

k = - 53 - f4 
f6 = - 5‘1 - 0.562 

The extents &, t4, and & represent changes in the cata- 
lytic surface concentrations from their initial values. 

Next, we select the appropriate combinations of pro- 
duction rates. We start again with the original stoichi- 
ometric matrix (transposed as in Equation (36) ) and open 
columns (3, 4) and rows (1, 3) for pivot selection. The 
following reduced stoichiometric matrix (transposed as 
in Equation (37) ) is obtained after two transformations: 

1D 2 3C 4 

1 -1 

1 1 -1 
1 -1 

1 

-2 

Note that the production rate of species 4 now is free of 
both equilibrium reactions as indicated in row C of Equa- 
tion (37). 

We are now ready to formulate the various mass 
balances and thermodynamic constraints. For each ‘73’’ 
and “D” species we have a local thermodynamic con- 
straint: 

R1/kl = 0 
Rz/k2 = 0 

For the “C” species we have a local steady-state condition, 

R4 = y23 - y24 = 0 

obtainable from the fourth row of the matrix just given. 
The one ‘‘A” species requires one spatial mass balance, 

To construct this we calculate the P matrix of Equation 
(41) by first extracting the “A” and “B” elements from 
the B column of the reduced stoichiometric matrix (i.e,, 
the elements in rows 2 and 1 of column 2 )  : 

[ =[-;I 
Then we combine this matrix with a null and a unit matrix 

and finally eliminate 9;; with v z  as pivot 

P O  2 0  [,, r l = L  11 

Hence p is a one-element matrix with the value 2,  and 
the spatial mass balance becomes, according to Equa- 
tions (41) and (42) 

= - 222 + 2(R2 - R4) = -2R4 

This is the final equation; however by use of the stoichi- 
ometric relationship for tG we could rewrite this mass 
balance in the form 

- - - I &  v a x  
which could have been constructed intuitively from reac- 
tion 4 for this simple reaction scheme, 

Note that the mass balances on surface species are 
formed directly from the stoichiometry, whatever the 
number of kinds of active sites. As mentioned earlier, no 
information about the elemental compositions of the spe- 
cies is required (once the stoichiometric coefficients vji are 
correctly assigned). 

F @ 6 -  

EXAMPLE 4 

This example demonstrates the selection of basic “A” 
and “B” species, the construction of corresponding mass- 
balances and thermodynamic constraints, and particularly 
the determination of the P matrix. 

Consider a one-dimensional film of aqueous electrolyte 
with nine species and four homogeneo& 
actions (Hales 1977) 

CU+ + + H2O = C u ( 0 H )  + + 
H+ + O H - = H z O  

C u + +  + SO4-- = CuS04 

Hi + SO4-- = HS04- 

equilibrium >e- 

H+ 

In addition the mobile phase contains Na+. We number 
the species as follows: (1) C u + + ,  (2) Cu(OH)+,  (3)  
CuS04, (4 )  SO4--, (5) HS04-, (6) Na+, (7)  H + ,  (8) 
OH-, and (9) HzO. The stoichiometric matrix v for this 
system is 

1 2 3 4 5 6 7 8 9  

1 - 1  -1 -1 - I /  1 
3 
4 -1 1 -1 

To obtain the basic species, we transform this matrix. First 
we select compoiient 4 to be computed from the electro- 
neutrality condition. All species are mobile; hence no 
basic species can be selected during the first Gauss-Jordan 
elimination, During the second stage, we open all columns 
(except column 4)  and all rows for pivot selection, and 
obtain after four eliminations 

1B 2B 3 4 5 0 7 B  8B 9 

1B 
2B 
3B 
4B 
11 -1 -1 

No basic species are selected during stage three. During 
stage four, we select all remaining species (except SO4--) 
as basic “A” species without further transformations. 

Hence, the “A” species are (3, 5, 6, 9) and the “B” spe- 
cies are (1, 2,  7, S}. The concentrations of these eight 
species must be used as dependent variables, together with 
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3A 
4 
5A 
6A 
9A 

1B 
2B 
7B 
8B 

1 
-1 -1 

1 

-1 1 

1 -1 -1 
1 1 

1 1 - 1  -1 
1 -1 

1B 

3A 
4 
SA 
6A 
9A 

in which the upper left-hand array is the f3 matrix. 

four local equilibrium equations 
Since we have four “B” species, we can formulate 

R i / k l  = O 

R3/k3 = 0 

Rz/kz = 0 

R4/k4 = 0 

The remaining “A” species and species 4 require five 
spatial differential equations. At steady state, these take 
the form 

( V * C N 3 + N 1 + N z l )  
= R3 + R1 + Rz = 0 

The first part of this equation is found from the first row 
in the I and f3 matrices, and the second part is found 
from columns {l, 2, 3) of the stoichiometric matrix. Simi- 
larly, from the remaining four rows of the I and f3 
matrices we find 

( V  “4 - NI - N7 + Nal)  
= & - R1- R, + Rs = 0 

( V *  “5 - N2 + N7 - NsI) 
= R5 - RZ + R7 - Rs = 0 

( V * [ N s ) ]  = R g = O  

1 1  
-1 -1 1 

-1 1 -1 

1 1 

( V  “9 + N2 + Nsl)  

= Rg + Rz + Rs = 0 
The molar fluxes Ni may be expressed in terms of the 
velocity and the gradients of concentration and electrical 
potential (Newman 1973). This completes the construc- 
tion of the mass balances. 

Here the first and last spatial equations may be con- 
sidered as mass balances for total Cu and for OH-. The 
remaining three equations are combinations of other mass 
balances. Note, however, that no use of the elemental 
compositions of the species was made in setting up these 
equations. 
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